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Abstract
We study an extension of the ADHM construction to give deformed anti-self-dual
(ASD) instantons in N = 1/2 super Yang-Mills theory with U(n) gauge group. First
we extend the exterior algebra on superspace to non(anti)commutative superspace
and show that the N = 1/2 super Yang-Mills theory can be reformulated in a geo-
metrical way. By using this exterior algebra, we formulate a non(anti)commutative
version of the super ADHM construction and show that the curvature two-form su-
perfields obtained by our construction do satisfy the deformed ASD equations and
thus we establish the deformed super ADHM construction. We also show that the
known deformed U(2) one instanton solution is obtained by this construction.
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1 Introduction
In supersymmetric Yang-Mills theories, there are zero modes of adjoint fermions in the in-
stanton background. Their existence naturally introduces the superpartner of the bosonic
moduli called Grassmann collective coordinates (or fermionic moduli). The fermion zero
modes together with the bosonic configurations are called super instantons. For reviews,
see refs. [1, 2] for example.
It is well known that the instanton configurations of the gauge field can be obtained by
the ADHM construction [3]. To give the super instanton solutions, superfield extensions of
the ADHM construction were proposed in [5, 6] (see also [7]-[13]), in which the fermionic
moduli belong to the same superfield containing the bosonic moduli. In the previous
paper [4], we formulated the N = 1 super ADHM construction with the use of the ‡-
conjugation, and found a condition to ensure the Wess-Zumino (WZ) gauge of the gauge
potential superfield (as well as the field strength superfields) obtained by this ADHM
construction. The investigation of the WZ gauge is necessary if one would like to compare
the results in the superfield formalism with those obtained by the component formalism.
Especially it is indispensable for our present formulation of the deformed super ADHM
construction in the following.
One of the motivations of our previous paper is emergence of supersymmetric gauge
theory defined on a kind of deformed superspace, called non(anti)commutative super-
space, in superstring theory as a low energy effective theory on D-branes with constant
graviphoton field strength [14]-[17] (see [18] for earlier works on deformed superspace).
In non(anti)commutative space, anticommutators of Grassmann coordinates become non-
vanishing. Such a deformation of (Euclidean) four dimensional N = 1 super Yang-Mills
theory has been formulated by Seiberg [16], which is sometimes called N = 1/2 super
Yang-Mills theory. Subsequently non(anti)commutative gauge theories have been studied
extensively in both perturbative and non-perturbative aspects [19]-[26].
It was argued by Imaanpur [21] that the anti-self-dual (ASD) instanton equations
should be modified in the N = 1/2 super Yang-Mills theory with self-dual (SD) non(anti)-
commutativity. Solutions to those equations (deformed ASD instantons) have been stud-
ied by many authors [21]-[25] (see also [26]). In the case of U(2) gauge group, the exact
one-instanton solution have been explicitly constructed in [21, 22] by perturbation with
respect to the non-anticommutativity parameter. U(n) (n ≥ 2) one-instanton solutions
are obtained in [23] in a similar way. In ref. [24], the authors have studied string am-
plitudes in the presence of D(−1)-D3 branes with the background R-R field strength
and derived constraint equations for the string modes ending on D(−1)-branes, which are
nothing but the ADHM constraints for the deformed ASD instantons. On the other hand,
it is far from obvious how to obtain these constraints in the purely field theoretic context
and how the deformed ASD connections are given exactly in terms of the ADHM moduli
parameters. Clearly we need an appropriately extended ADHM construction to answer
these questions. Then it is natural to expect that useful is the superfield extension of the
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ADHM construction, because the field theories on non(anti)commutative superspace can
be realized by deforming the multiplication of superfields.
In this paper, we extend the ADHM construction to the one that can give exact
solutions to the deformed ASD equations in N = 1/2 super Yang-Mills theory with U(n)
gauge group. This is accomplished by deforming the N = 1 super ADHM construction
which we have studied in the previous paper. Our formulation provides a way to obtain
other possible solutions beyond the one instanton configurations.
This paper is organized as follows. In section 2, we review N = 1/2 super Yang-Mills
theory and the deformed ASD equations. In section 3, we define a deformed exterior
algebra on the non(anti)commutative superspace and show that the N = 1/2 super Yang-
Mills theory can be reproduced in a geometrical way, based on this deformed exterior
algebra. In section 4, we describe a non(anti)commutative version of the N = 1 super
ADHM construction after briefly reviewing the undeformed super ADHM construction.
We show that the curvature two-form superfields obtained by our construction do satisfy
the deformed ASD equations. Section 5 is devoted to conclusions and discussion. In
appendix A, we describe a few of our notation and conventions, although we follow our
previous paper [4] 1. In appendix B, we give the “inverse” of a chiral superfield with
respect to the star product, which is needed in formulating the deformed super ADHM
construction. In appendix C, we give a detailed derivation of the normalized zero mode
superfield of the zero-dimensional Dirac operator. In appendix D, we obtain the known
U(2) one instanton solution by the deformed super ADHM construction.
2 Non(anti)commutative deformation of N = 1 super
Yang-Mills
We will briefly describe the non(anti)commutative deformation of N = 1 superspace and
N = 1/2 super Yang-Mills theory formulated in [16].
The non(anti)commutative deformation of N = 1 superspace is given by introducing
non(anti)commutativity of the product of N = 1 superfields. This deformation is realized
by the following star product:
f ∗ g = f exp(P )g, P = −1
2
←−
QαC
αβ−→Qβ, (2.1)
where f and g are N = 1 superfields and Qα is the (chiral) supersymmetry generator.
Cαβ is the non-anticommutativity parameter and is symmetric: Cαβ = Cβα. The above
1We should notice, however, that there is a change in the notation from our previous paper. The
“anti-holomorphic” quantities with respect to the ‡-conjugation are indicated by “˜” in ref. [4], while
they are indicated simply by “‡” in this paper. For example,
˜ˆ
∆α in [4] is denoted as ∆ˆ
‡
α.
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star product gives the following relations among the chiral coordinates (yµ, θα, θ¯α˙):
{θα, θβ}∗ = Cαβ , [yµ, · ]∗ = 0, [θ¯α˙, · }∗ = 0. (2.2)
In terms of the coordinates (xµ, θα, θ¯α˙), these relations are
{θα, θβ}∗ = Cαβ, [xµ, xν ]∗ = Cµν θ¯θ¯, [xµ, θα]∗ = iCαβ(σµθ¯)β, [θ¯α˙, · }∗ = 0, (2.3)
where
Cµν ≡ Cαβ(σµν)αγεβγ. (2.4)
Since P commutes with the supercovariant spinor derivatives Dα and D¯α˙, the chiral-
ity notion of superfields is preserved. For example, given two chiral superfields Φi(y, θ)
(i = 1, 2), the product Φ1 ∗Φ2 becomes another chiral superfields. Turning on such a de-
formation, the original action formulated in the N = 1 superfield formalism is deformed
by the star product. Since P also commutes with Qα, the deformed action preserves
in general the chiral half of the supersymmetry transformation generated by Qα. The
deformed N = 1 super Yang-Mills theory has N = 1/2 supersymmetry, so that they are
called N = 1/2 super Yang-Mills theory.
The ‡-conjugation [4] of Cαβ is deduced from the ‡-conjugation of θαθβ and found as
(Cαβ)‡ = −Cβα, (2.5)
where Cαβ ≡ εαγεβδCγδ. Let A and B are superfields. We define the ‡-conjugation of
Qα(A) as
(Qα(A))
‡ ≡ (−)|A|(A)‡←−Qα, (2.6)
then we have
(A ∗B)‡ = (−)|A||B|(B)‡ ∗ (A)‡. (2.7)
The action of N = 1/2 supersymmetric Yang-Mills theory is given by
S =
1
16Ng2
∫
d4x
(∫
d2θtrW α ∗Wα +
∫
d2θ¯trW¯α˙ ∗ W¯ α˙
)
(2.8)
where
Wα = −1
4
D¯α˙D¯
α˙
(
e−V∗ ∗DαeV∗
)
, W¯α˙ =
1
4
DαDα
(
eV∗ ∗ D¯α˙e−V∗
)
, (2.9)
and eV∗ ≡
∑
n
1
n!
n︷ ︸︸ ︷
V ∗ · · · ∗ V . Here V = V aT a with V a the vector superfields and T a the
hermitian generators which are normalized as tr[T aT b] = Nδab. We may redefine the
component fields of V in the WZ gauge such that the component gauge transformation
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becomes canonical (the same as the undeformed case). In [16], such a field redefinition is
found to be
VWZ(y, θ, θ¯) = −θσµθ¯vµ(y) + iθθθ¯λ¯(y)− iθ¯θ¯θα
(
λα +
1
4
εαβC
βγσµγγ˙
{
λ¯γ˙ , vµ
})
(y)
+
1
2
θθθ¯θ¯ (D − i∂µvµ) (y) (2.10)
and then W and W¯ become
Wα = −iλα(y) +
[
δγαD − i(σµν)αγ
(
vµν +
i
2
Cµν λ¯λ¯
)]
(y)θγ + θθ(σ
µDµλ¯)α(y),(2.11)
W¯α˙ = iλ¯α˙(y¯) + θ¯γ˙
{
δγ˙α˙D − i(σ¯µνε)γ˙ α˙vµν
}
(y¯) + θ¯θ¯ [(Dµλσµ)α˙
− 1
2
Cµν{vµν , λ¯α˙} − Cµν{vν ,Dµλ¯α˙ − i
4
[vµ, λ¯α˙]} − i
16
|C|2{λ¯λ¯, λ¯α˙}
]
(y¯),(2.12)
where |C|2 ≡ CµνCµν . The component action is
S =
1
4Ng2
tr
∫
d4x
[
−1
4
vµνvµν − iλ¯σ¯µDµλ+ 1
2
D2 − i
2
Cµνvµν λ¯λ¯+
1
8
|C|2(λ¯λ¯)2
]
. (2.13)
From the component action, we can see that the equations for SD instantons are
unchanged compared to the undeformed case:
vASDµν = 0, λ¯ = 0, Dµσ¯µλ = 0, D = 0. (2.14)
Therefore, the SD instanton solutions are not affected by the deformation.
On the other hand, the equations for ASD instantons should be modified. The action
can be rewritten as [21]
S =
1
4Ng2
tr
∫
d4x
[
−1
2
(
vSDµν +
i
2
Cµν λ¯λ¯
)2 − iλ¯σ¯µDµλ+ 1
2
D2 +
1
4
vµν v˜µν
]
, (2.15)
where v˜µν ≡ 1
2
εµνρσvρσ. From this expression, we can see that configurations which
satisfies the equations of motion and is connected to the ASD instantons when turning
off the deformation are the solutions to the following deformed ASD instanton equations
[21]:
vSDµν +
i
2
Cµνλ¯λ¯ = 0, λ = 0, Dµσµλ¯ = 0, D = 0. (2.16)
In principle, these equations can be solved perturbatively in terms of the deformation
parameter C. At the zeroth order, the solutions may be given by the ordinary ADHM
construction. There are right handed fermion zero modes of the Dirac operator in those
ASD backgrounds. At the next order, the field strength receives the O(C1) correction
from these fermion zero modes through the fermion bilinear term in the equation. This
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then cause the O(C1) correction to the fermion zero modes, which gives the O(C2) cor-
rection to the field strength again through the fermion bilinear. In a similar way, we can
obtain the higher order corrections. In the following sections, we would like to extend the
super ADHM construction to the one that can give exact solutions to the deformed ASD
instanton equations (2.16) without using such a perturbative analysis with respect to C.
3 Differential forms in the deformed superspace
We will take a geometrical approach to formulate the deformed super ADHM construction
by generalizing the exterior algebra: we extend the star product between superfields to
the one including differential forms in superspace. This is accomplished by considering
the supercharges Qα in (2.1) as generators of supertranslation as their original definition.
We will see that the deformed exterior algebra consistently leads to the N = 1/2 super
Yang-Mills theory introduced in the previous section.
3.1 Deformation of the exterior algebra
As we stated in the beginning of this section, the principle of our construction of the
deformed exterior algebra is that the operators Qα appearing in the star product are
identified with the generators of supertranslation. Thus, the star product of differential
forms is defined according to the representations of supersymmetry they belong to.
Since the one-form bases eA are supertranslation invariant, we define the action of Qα
on eA as
Qα(e
A) = 0. (3.1)
Then for a 1-form ω = eAωA, it holds that
Qα(ω) = (−)|A|eAQα(ωA). (3.2)
Using this action of Qα, we define the deformed wedge product of 1-forms ω and ω
′ as
ω
∗∧ ω′ ≡ ω ∧ exp
(
−1
2
←−
QαC
αβ−→Qβ
)
ω′, (3.3)
where
←−
Q (
−→
Q) acts on ω (ω′) from the right (left) and the normal wedge product is taken
for the resulting (transformed) 1-forms. Note that ω
←−
Qα = (−)|ω|Qα(ω). As a result,
the product of supertranslation invariant 1-forms eA is the same as the ordinary wedge
product:
eA1
∗∧ eA2 ∗∧ · · · ∗∧ eAp = eA1 ∧ eA2 ∧ · · · ∧ eAp. (3.4)
Hereafter we will suppress the wedge symbols.
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We also define the star product between a differential form ω and a superfield f as
ω ∗ f ≡ ω exp
(
−1
2
←−
QαC
αβ−→Qβ
)
f, f ∗ ω ≡ f exp
(
−1
2
←−
QαC
αβ−→Qβ
)
ω. (3.5)
Then it holds that
[eA, f}∗ = 0 (3.6)
where f is an arbitrary superfield.
With the use of the basis eA, a p-form ωp is expanded as
ωp = e
A1 · · · eApωpAp...A1 , (3.7)
where the coefficients ωpAp...A1 are general superfields. In this basis, the product of the p-
and q-form is simply given by the star product of the coefficients:
ωp ∗ ωq = (−)(|A1|+···+|Aq|)(|B1|+···+|Bq|)eA1 · · · eApeB1 · · · eBq(ωpAp...A1 ∗ ωqBq...B1), (3.8)
The exterior derivative d is defined as the map from a p-form to a p+1-form by using
the basis eA:
dωp = e
A1 · · · eApeBDBωpAp...A1 +
p∑
r−1
(−1)|Ar+1|+···+|Ap|eA1 · · · deAr · · · eApωpAp...A1 (3.9)
with ωp in eq.(3.7) and de
A is the same as the undeformed one.
Before we start to discuss the Yang-Mills theory with the use of the above differential
forms, we prove the consistency of the deformed exterior algebra. In our construction the
action of the exterior derivative d coincides with the undeformed case in the eA-basis as
seen from eq. (3.9). Using eqs. (3.8) and (3.7), we can prove the graded Leibniz rule:
d(ωp ∗ ωq) = (−1)qdωp ∗ ωq + ωp ∗ dωq. (3.10)
It follows also that d is nilpotent: d2 = 0. Finally, the associativity of the deformed
exterior algebra is a direct consequence of the associativity of the star product.
Although we have used the fact that eA (anti)commutes with superfields to derive
eq.(3.8), one should notice that general differential forms do not (anti)commute with
superfields. For example, we have
Qα(dx
µ) = −i(σµdθ¯)α, (3.11)
because dxµ transforms as dxµ → dxµ− iξσµdθ¯ under the supertranslation ξαQα. As a re-
sult, there are non-trivial commutators involving differential forms in (x, θ, θ¯)-coordinates:
[dxµ, xν ]∗ = C
αβ(σµdθ¯)α(σ
ν θ¯)β, [dx
µ, θα]∗ = iC
αβ(σµdθ¯)β, [dx
µ, θ¯α˙]∗ = 0,
[dθα, f(x, θ, θ¯)}∗ = [dθ¯α˙, f(x, θ, θ¯)}∗ = 0, (3.12)
where f(x, θ, θ¯) is an arbitrary superfield.
6
3.2 Reproduction of the N = 1/2 super Yang-Mills theory
In the following, we will see that the deformed wedge product defined above is consistent
with the N = 1/2 super Yang-Mills theory described in the previous section, in the sense
that the curvature 2-from superfield will correctly reproduce the field strength superfield
Wα and W¯α˙ in (2.9) (after imposing appropriate constraints as in the undeformed case
[27]) based on the deformed exterior algebra.
Given a connection 1-form superfield φ, the curvature superfields FAB are obtained as
the coefficient functions of the two-form superfield F constructed in a standard way:
F = dφ+ φ ∗ φ. (3.13)
Due to eq.(3.8), it holds that
φ ∗ φ = (eAφA) ∗ (eBφB) = (−)|A||B|eAeB(φA ∗ φB) = −1
2
eAeB[φB, φA}∗. (3.14)
Therefore, we find the curvature superfields FAB as
FAB = DAφB − (−)|A||B|DBφA − [φA, φB}∗ + TABCφC , (3.15)
where TAB
C is the torsion defined by deC = 1
2
eAeBTBA
C whose non-vanishing elements
are Tαβ˙
µ = Tβ˙α
µ = 2iσµ
αβ˙
.
The proper constraints for the curvature superfields to give the N = 1/2 super Yang-
Mills theory turn out to be
Fαβ = 0, Fα˙β˙ = 0, Fαβ˙ = 0, (3.16)
where the curvature superfields are given by (3.15) (see [27] for the undeformed case).
We refer these constraints as the Yang-Mills constraints. Turning off the deformation,
these constraints can be solved by φα = −e−VDαeV , φα˙ = 0, φµ = − i4 σ¯β˙βµ D¯β˙φβ, where
V is a general superfield. This is checked with the use only of the Leibniz rule for the
supercovariant derivatives, and changing the ordering of the superfields is not needed at
all. Since the supercovariant derivatives DA satisfy the Leibniz rule even in the presence
of the deformation, it tells us that the spinor connection superfields of the same form as
in the undeformed case are also a solution to the Yang-Mills constraints:
φα = −e−V∗ ∗DαeV∗ , φα˙ = 0, φµ = −
i
4
σ¯β˙βµ D¯β˙φβ, (3.17)
where V is again a general superfield.
Because of eq. (3.8), we find that the curvature superfields FAB satisfy the Bianchi
identities with the star product:
1
2
eAeBeC
(
DCFBA − [φC , FBA}∗ + 1
2
TCB
DFDA +
1
2
TCA
DFDB
)
= 0. (3.18)
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Determination of all the FAB with the use of the Bianchi identities is completely parallel
to the undeformed case, and we find
Fµα˙ =
i
2
Wβσµβα˙, Fµα = i
2
σµαβ˙W¯ β˙ (3.19)
where Wα = W α, W¯ α˙ = e−V∗ ∗ W¯ α˙ ∗ eV∗ and W and W¯ have the same forms as in the
undeformed case except for every product replaced with the star product, that is, they
coincide with the field strength superfields given in (2.9).
Then the invariant action with respect to super- and gauge symmetry can be con-
structed with the use of W and W¯ as in the undeformed case [27] and it is none other
than the action S given in (2.8). Therefore, imposing the Yang-Mills constraints (3.16),
the N = 1/2 super Yang-Mills theory can be correctly reproduced in a geometrical way
based on the deformed exterior algebra.
4 Deformed super ADHM construction
After reviewing the super ADHM construction in section 4.1, we describe its non(anti)-
commutative deformation in section 4.2. The general solution obtained by the deformed
construction is given in section 4.3.
4.1 Review of the N = 1 super ADHM construction
In this subsection, we briefly review the N = 1 super ADHM construction.
The U(n) (or SU(n)) k instanton configurations can be given by the ADHM construc-
tion [3]. Define ∆α(x) such as
∆α(x) = aα + xαα˙b
α˙ (4.1)
where aα and b
α˙ are constant k × (n + 2k) matrices and xαα˙ ≡ ixµσµαα˙. We assume that
∆α has maximal rank everywhere except for a finite set of points. Its hermitian conjugate
∆†α ≡ (∆α)† is given by
∆†α(x) = a†α + b†
β˙
xβ˙α. (4.2)
Then the gauge field vµ is given by
vµ = −2iv†∂µv, (4.3)
where v is the set of the normalized zero modes of ∆α:
∆αv = 0, v
†v = 1n. (4.4)
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For later use we define f which is defined as the inverse of the quantity
f−1 ≡ 1
2
∆α∆
†α. (4.5)
The super instanton condition (2.14) can be rewritten in the superfield formalism [5, 6]
as
Fµα˙ = 0, (4.6)
⋆Fµν = −Fµν , (4.7)
where F is the curvature superfield satisfying the covariant constraints (3.16) and the
Bianchi identity (3.17). The super ADHM construction gives the solutions to the super
ASD condition (4.6) [4]. We define a superfield extension of ∆α(x) (see also appendix A):
∆ˆα = ∆α(y) + θαM, (4.8)
where ∆α(y) is the zero dimensional Dirac operator in the ordinary ADHM construction
with replacing xµ by the chiral coordinate yµ = xµ+iθσµθ¯ andM is a k×(n+2k) fermionic
matrix which includes the fermionic moduli. We suppose that ∆ˆα has a maximal rank
almost everywhere as in the ordinary ADHM construction. Its ‡-conjugate ∆ˆ‡α is found
to be
∆ˆ‡α = ∆†α(y) + θαM†. (4.9)
As ∆ˆα has n zero modes we collect them in a matrix superfield vˆ[n+2k]×[n]:
∆ˆαvˆ = 0. (4.10)
Its ‡-conjugate vˆ‡ satisfies vˆ‡∆ˆ‡α = 0. We require that vˆ satisfies the normalization
condition:
vˆ‡vˆ = 1. (4.11)
The connection one-form superfield φ is given by
φ = −vˆ‡dvˆ. (4.12)
where d is exterior derivative of superspace. The connection φ defines the curvature
F = dφ+ φφ = vˆ‡d∆ˆ‡αKˆα
βd∆ˆβ vˆ, (4.13)
where
Kˆ−1α
β ≡ ∆ˆα∆ˆ‡β (4.14)
and Kˆα
β is defined such that Kˆ−1α
βKˆβ
γ = Kˆα
βKˆ−1β
γ = δγα1k. Note that we have the
following completeness condition:
vˆvˆ‡ = 1n+2k − ∆ˆ‡αKˆαβ∆ˆβ. (4.15)
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The curvature superfield Fµν becomes ASD if Kˆ satisfies ∆ˆα∆ˆ
‡β ∝ δβα and thus
Kˆ−1α
β = δβαfˆ
−1 (4.16)
where
fˆ−1 ≡ 1
2
∆ˆα∆ˆ
‡α (4.17)
is a k × k matrix superfield. There exists fˆ because we have assumed that ∆ˆα has
maximal rank. The above condition (4.16) leads to both the bosonic and fermionic ADHM
constraints. When eq. (4.16) holds, i.e., the parameters in ∆ˆα are satisfying both bosonic
and fermionic ADHM constraints, we obtain from eq.(4.13) the ASD curvature superfield
(4.7) and another (non-trivial) one in terms of the ADHM quantities:
Fµν = 4vˆ
‡b†σ¯µν fˆ bvˆ, (4.18)
Fµα =
i
2
σµαβ˙
{
−2vˆ‡(b†β˙ fˆM−M†fˆ bβ˙)vˆ − 8θ¯γ˙ vˆ‡(b†β˙ fˆ bγ˙ + b†γ˙ fˆ bβ˙)vˆ
}
. (4.19)
We can check that the other curvature superfields vanish.
To ensure that the superfields obtained by the super ADHM construction are correctly
in the WZ gauge, we impose the following conditions on vˆ:
D¯α˙vˆ = 0, vˆ
‡ ∂
∂θα
vˆ = 0. (4.20)
Imposing these conditions, we can determine the zero mode vˆ of ∆ˆα as
vˆ = v + θγ
(
∆†γfMv
)
+ θθ
(1
2
M†fMv
)
, (4.21)
and find that the connection superfield φµ constructed as in (4.12) correctly gives the
super instanton configuration in the WZ gauge:
φµ = − i
2
[
−2iv†∂µv + iθγσµγβ˙
{
2iv†(b†β˙fM−M†fbβ˙)v
}]
, (4.22)
where the lowest component is the instanton gauge field and the θ-component is the
fermion zero mode.
4.2 Deformation of the super ADHM construction
In this subsection, extending the super ADHM construction in section 4.1, we will present
a formulation that provides a way to construct deformed ASD instantons in the non(anti)-
commutative N = 1/2 super Yang-Mills theory, i.e. the exact solutions to the deformed
equations (2.16).
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The deformed super ASD condition turns out to be of the same form as the super
ASD condition (4.6) but the product replaced with the star product (2.1):
Fµα˙ = 0, (4.23)
⋆Fµν = −Fµν , (4.24)
where the curvature superfields FAB are given by eq.(3.15). Note that eq. (4.24) follows
from eq. (4.23) as long as the two-form F satisfies the Bianchi identities and the Yang-
Mills constraints, because these imply that Fµν = −14(D¯σ¯µνW¯ − DσµνW) and also thatW is proportional to Fµα˙ (see eq. (3.19)).
Since the equivalence of the condition (4.23) and the deformed equations (2.16) is not
apparent, we will show it below. We assume that the two-form F satisfies the Bianchi
identities and the Yang-Mills constraints. Then Fµα˙ is proportional to Wα given in (2.9)
(or (2.11) in the WZ gauge) as discussed before (see eq. (3.19)). If the deformed equations
(2.16) are satisfied, we immediately find from eq. (2.11) that Wα = 0 holds, and this
implies that eq. (4.23) also holds because of eq. (3.19). The converse can be shown
as follows. First let us assume φα˙ = 0. In this case, a solution φA to the Yang-Mills
constraints can always be written of the form given in (3.17) with V a general superfield.
Then W is determined by eq. (3.19) and will coincide with the field strength superfield
W in (2.9). Taking the WZ gauge for V by performing gauge transformations, W(= W )
becomes to have the form given in (2.11) provided that the component fields of V are
parameterized as in (2.10). Now it is obvious that in order for Fµα˙ (∝ W) to vanish, the
deformed ASD equations should hold. Since all other solutions φA (with φα˙ 6= 0) to the
Yang-Mills constraints are obtained from (3.17) by gauge transformation
φ→ X−1 ∗ φ ∗X −X−1 ∗ dX, F → X−1 ∗ F ∗X (4.25)
with X an arbitrary invertible (U(n) valued) superfield, the equivalence also holds even
in the absence of the assumption φα˙ = 0.
Let us remark on an implication of the second condition (4.24). Eq. (4.24) requires
especially that the lowest component of Fµν contains only the ASD part, but this does
not mean vSDµν = 0, since the lowest component is not simply vµν but vµν +
i
2
Cµνλ¯λ¯ in the
deformed theory: Using eq.(3.17), we find φµ in the WZ gauge as
φµ = − i
2
[
vµ + iθσµλ¯− θ¯σ¯µW
]
(y). (4.26)
Here we have used VWZ given in (2.10). Then the curvature Fµν is found to be
Fµν = ∂µφν − ∂νφµ − [φµ, φν ]∗
= − i
2
(
vµν +
i
2
Cµνλ¯λ¯− iθσµDνλ¯+ iθσνDµλ¯− iθθλ¯σ¯µν λ¯
)
+ (terms containing θ¯ and W ). (4.27)
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Therefore, we can see that in order for Fµν to satisfy the ASD condition, at least v
SD
µν +
i
2
Cµν λ¯λ¯ = 0 is required. In fact, if we use the deformed ASD equations (2.16) (therefore
W α = 0), Fµν reduces to
Fµν = − i
2
(
vASDµν − iθασρσ¯µνDρλ¯− iθθλ¯σ¯µν λ¯
)
, (4.28)
and now it contains only ASD components.
We have seen that the deformed ASD equations are equivalent to the super ASD condi-
tion with the star product, (4.23). One would expect that its solutions can be constructed
by the super ADHM construction, replacing each product with the star product (2.1). In
the rest of this subsection, we will see that such a deformed ADHM construction actually
gives solutions to the deformed super ASD condition, that is, the deformed super ASD
instantons.
For the deformed super ASD instantons, φµ in the WZ gauge becomes
φµ = − i
2
[
vµ + iθσµλ¯
]
(y), (4.29)
since Wα = 0 holds. This again leads us to adopt ∆ˆα in our super ADHM construction
with the same form as in the undeformed case:
∆ˆα = ∆α(y) + θαM. (4.30)
Then, according to the ‡-conjugation rules, we have
∆ˆ‡α = ∆‡α(y) + θαM‡. (4.31)
Here we will not rewrite ‡ in the r.h.s. with †, because in the presence of the deformation,
∆α (and possiblyM) may contain products of Grassmann variables and for such quantities
we should use ‡ instead of † in general.
We collect the n zero modes of ∆ˆ into a matrix form uˆ[n+2k]×[n]:
∆ˆα ∗ uˆ = 0. (4.32)
We require it to be normalized as
uˆ‡ ∗ uˆ = 1n. (4.33)
Define k × k matrices Kˆ∗αβ (α, β = 1, 2) as the “inverse” matrices of
Kˆ−1∗ α
β ≡ ∆ˆα ∗ ∆ˆ‡β (4.34)
such that Kˆ−1∗ α
β ∗ Kˆ∗βγ = Kˆ∗αβ ∗ Kˆ−1∗ βγ = δγα1k (see appendix B). Then we have the
relation
uˆ ∗ uˆ‡ = 1n+2k − ∆ˆ‡α ∗ Kˆ∗αβ ∗ ∆ˆβ . (4.35)
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With the use of uˆ, the connection φ is given by
φ = −uˆ‡ ∗ duˆ. (4.36)
The curvature two-form is given by using the connection one-form φ, and now it is
written as
F = dφ+ φ ∗ φ = uˆ‡ ∗ d∆ˆ‡α ∗ Kˆ∗αβ ∗ d∆ˆβ ∗ uˆ. (4.37)
Here we have used (4.33), (4.35) and (4.32). The above equation reads
FAB = −uˆ‡ ∗D[A∆ˆ‡α ∗ Kˆ∗αβ ∗DB}∆ˆβ ∗ uˆ. (4.38)
From this equation, we find
Fµν = uˆ
‡ ∗ b†α˙σ¯[µα˙αKˆ∗αβσν]ββ˙bβ˙ ∗ uˆ. (4.39)
Thus the ASD condition (4.24) is satisfied if Kˆ∗ commutes with the Pauli matrices:
∆ˆα ∗ ∆ˆ‡β = Kˆ−1∗ αβ ∝ δβα. (4.40)
We immediately find from the expression (4.38) that Fα˙β˙ = Fαβ˙ = 0 and Fµα˙ = 0, because
∆ˆα is a chiral superfield. We can also check that Fαβ = 0 with the use of the constraint
(4.40), the relations
Dβ∆ˆα = εαβ(M+ 4θ¯β˙bβ˙), Dβ∆ˆ‡α = δαβ (M‡ + 4b†β˙ θ¯β˙), (4.41)
and the fact that Fαβ is symmetric with respect to α and β. Therefore, we have shown that
the above described super ADHM construction gives curvature superfields that satisfy the
Yang-Mills constraints (3.16) and the ASD conditions (4.23)–(4.24) if the condition (4.40)
is imposed.
The requirement (4.40) gives the deformed bosonic and fermionic ADHM constraints
as we will see below. Because we can write
∆ˆα ∗ ∆ˆ‡β = ∆ˆα∆ˆ‡β − 1
2
εαγC
γβMM‡, (4.42)
we find that the requirement leads to the deformed bosonic ADHM constraint
∆α∆
‡β − 1
2
εαγC
γβMM‡ ∝ δβα, (4.43)
and the fermionic ADHM constraint
∆αM‡ +M∆‡α = 0. (4.44)
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The above equations can also be written as follows (see appendix A):
a′‡µ = a
′
µ, σ
i α
β
(
aαa
‡β − 1
2
εαγC
γβMM‡
)
= 0, (4.45)
M′‡α˙ =M′α˙, aαM‡ = −Ma‡α. (4.46)
These constraints agree with those in [24] obtained by considering string amplitudes. We
can rewrite the deformed ADHM constraints in another form as follows. Let us denote(
∆ˆ1
∆ˆ2
)
=
(
Jˆ‡[k]×[n] z¯21k + Bˆ2
‡
[k]×[k] z¯11k + Bˆ1
‡
[k]×[k]
Iˆ[k]×[n] −z11k − Bˆ1[k]×[k] z21k + Bˆ2[k]×[k]
)
, (4.47)
where z1 ≡ y21˙, z2 ≡ y22˙ and
Iˆ ≡ I + θ1µ, Jˆ ≡ J + θ1µ‡, Bˆ1 ≡ B1 − θ1M′1˙, Bˆ2 ≡ B2 + θ1M′2˙,
I ≡ ω2, J‡ ≡ ω1, B1 ≡ a′21˙, B2 ≡ a′22˙. (4.48)
Here we have already used a′‡µ = a
′
µ and M′‡α˙ =M′α˙. Then the constraint (4.40) reads
Iˆ ∗ Iˆ‡ − Jˆ‡ ∗ Jˆ + [Bˆ1, Bˆ1‡]∗ + [Bˆ2, Bˆ2‡]∗ = 0, (4.49)
Iˆ ∗ Jˆ + [Bˆ2, Bˆ1]∗ = 0. (4.50)
In the component language, we find that the bosonic ADHM constraints are
II‡ − J‡J + [B1, B1‡] + [B2, B2‡]− C12MM‡ = 0, (4.51)
IJ + [B2, B1]− 1
2
C11MM‡ = 0, (4.52)
and the fermionic ADHM constraints are
J‡µ‡ − µI‡ − [B1‡,M′1˙] + [B2‡,M′2˙] = 0, (4.53)
µJ + Iµ‡ − [B1,M′2˙]− [B2,M′1˙] = 0. (4.54)
After imposing the ADHM constraints, we can write Kˆ−1∗ α
β = ∆ˆα ∗ ∆ˆ‡β as
Kˆ−1∗ α
β = δβαfˆ
−1, (4.55)
where a k × k matrix valued superfield fˆ−1 is defined by
fˆ−1 ≡ 1
2
∆ˆα∆ˆ
‡α, (4.56)
which is the same form as in the undeformed case since eq. (4.42) holds. As a result, the
curvature two-form is written as
F = uˆ‡ ∗ d∆ˆ‡α ∗ fˆ∗ ∗ d∆ˆα ∗ uˆ, (4.57)
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where fˆ∗ is defined such that fˆ∗ ∗ fˆ−1 = fˆ−1 ∗ fˆ∗ = 1k (see appendix B). Substituting the
form of ∆ˆ, we find the following equations from the above expression:
Fαβ = Fα˙β˙ = Fαβ˙ = 0, (4.58)
Fµν = 4uˆ
‡ ∗ b†σ¯µν fˆ∗b ∗ uˆ, (4.59)
Fµα =
i
2
σµαβ˙
{
−2uˆ‡ ∗ (b†β˙ fˆ∗M−M‡fˆ∗bβ˙) ∗ uˆ
− 8θ¯γ˙ uˆ‡ ∗ (b†β˙ fˆ∗bγ˙ + b†γ˙ fˆ∗bβ˙) ∗ uˆ
}
, (4.60)
Fµα˙ = 0. (4.61)
As mentioned before, the curvature two-form F satisfies the Yang-Mills constraints (3.16)
and the deformed super ASD condition (4.23)(4.24), thus it gives the deformed super
ASD instantons.
Owing to the deformed ADHM construction, we are able to discuss the dimension of
the moduli space of the deformed instanton solution. The curvature F is invariant under
the following GL(k)× U(n + 2k) global symmetry transformation
∆ˆα → G∆ˆαΛ, fˆ → GfˆG†, vˆ → Λ−1vˆ, (4.62)
where G ∈ GL(k) and Λ ∈ U(n+ 2k). Note that we cannot take G and Λ as superfields,
since the form of ∆ˆα is significant for the two-form F (4.38) to satisfy the Yang-Mills
constraints as well as the deformed super ASD condition. After fixing b in the canonical
form (see (A.10)), the global symmetry breaks down to U(n) × U(k) as in the purely
bosonic ADHM construction, and the U(n) transformation is considered as a part of the
gauge transformation. Therefore, the number of the bosonic moduli contained in ∆ˆα is
4nk after imposing the bosonic ADHM constraints (4.45) and modding out by the U(k)
symmetry, as in the undeformed case. There is no additional symmetry and the number
of fermionic parameters is reduced simply by the fermionic ADHM constraints (4.46) and
we have 2kn fermionic moduli as in the undeformed case.
4.3 The general solution in the Wess-Zumino gauge
In this subsection, we give an expression in terms of the ADHM data ∆α and M, of the
general solution in the WZ gauge obtained by our construction.
In the WZ gauge, Fµν is a chiral superfield because φµ is so. Since we are interested in
the field strength in the WZ gauge, we find from the expression (4.59) that it is sufficient
to restrict the zero mode uˆ to a chiral superfield. Hereafter we restrict the zero mode uˆ
to a chiral superfield, which we write as
uˆ = u(0) + θγu(1)γ + θθu
(2). (4.63)
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When uˆ and uˆ‡ are chiral superfields, we find from (4.36) that φα˙ = 0, and that φµ is
a chiral superfield (D¯α˙φµ = 0) because φµ is given by
φµ = −uˆ‡ ∗ ∂
∂yµ
uˆ(y, θ). (4.64)
These are consistent with the connection superfields for the super instantons. The rest
of the connection φα gives a non-trivial necessary condition. In the ADHM construction,
φα can be written in the chiral basis as
φα = −uˆ‡ ∗Dαuˆ = −uˆ‡ ∗ ∂
∂θα
uˆ(y, θ)− 2i(σµθ¯)αuˆ‡ ∗ ∂
∂yµ
uˆ(y, θ). (4.65)
We should notice that only the first term is θ¯-independent. In the WZ gauge, φα is given
by
φα = −e−VWZ∗ ∗DαeVWZ∗ = −DαVWZ +
1
2
[VWZ, DαVWZ]∗. (4.66)
Because VWZ contains at least one θ¯ in each term, φα should not have any θ¯-independent
terms. As a result, it should hold that
uˆ‡ ∗ ∂
∂θα
uˆ(y, θ) = 0, (4.67)
which is a necessary condition for uˆ to be in the WZ gauge. We can use this condition to
determine uˆ in the WZ gauge.
For convenience, let us define a k × k matrix
K−1α
β ≡ ∆α∆‡β (4.68)
and its inverse K such that Kα
γK−1γ
β = K−1α
γKγ
β = δβα1k. After imposing the ADHM
constraint, we have
K−1α
β = δβαf
−1 +
1
2
εαγC
γβMM‡, f−1 ≡ 1
2
∆γ∆
‡γ. (4.69)
where f−1 is defined as the lowest component of fˆ−1 in (4.56). Defining a matrix
C =
( C11 C12
C21 C22
)
, Cαβ ≡ 1
2
εαγC
γβ , (4.70)
we can write K−1α
β = (12 ⊗ 1n + C ⊗MM‡f)αβf−1 where f is the inverse of f−1 such
that ff−1 = f−1f = 1k. Then we find an expression of the matrix K:
Kα
β = f
(
1n + det C(MM‡f)2
)−1 {
12 ⊗ 1n − C ⊗MM‡f
}
α
β. (4.71)
16
Here we have used a relation CαγCγβ = −δβα det C. 2
With a given v that satisfies ∆αv = 0 and v
‡v = 1n, we can determine the zero mode
superfield uˆ :
uˆ =
(
1n+2k + θ
γ∆‡γfM+ θθ1
2
M‡fM
)
u(0), (4.72)
where
u(0) =
{
v − 1
2
(∆‡KεC∆)M‡Z−1fMv
}
N−1/2U, (4.73)
U is a unitary matrix such that U † = U−1, K is given by (4.71) and Z,N are
Z ≡ 1k + 1
2
fM(∆‡KεC∆)M‡, (4.74)
N ≡ 1n + 1
4
detCv‡M‡fZ−1‡Mvv‡M‡Z−1fMv. (4.75)
Readers can check that the above uˆ is indeed a normalized zero mode of ∆ˆα, satisfying the
WZ gauge condition (4.67) (for the detailed derivation, see appendix C). We have used
the normalized zero mode v of ∆α and it will be found as follows. If we solve the deformed
ADHM constraints, the zero dimensional Dirac operator ∆α (the fermionic moduli M)
can be separated into the C-independent part ∆0α (M0) and the residual C-dependent
part δ∆α (δM):
∆α = ∆0α + δ∆α, M =M0 + δM. (4.76)
Then the zero mode v of ∆α is given by
v = (1n+2k +∆
†α
0 f0δ∆α)
−1v0
×
{
v†0(1n+2k + δ∆
‡γf0∆0γ)
−1(1n+2k +∆
†
0
γf0δ∆γ)
−1v0
}−1/2
, (4.77)
where v0 satisfies ∆0αv0 = 0 as well as the completeness relation v0v
†
0 = 1n+2k−∆†α0 f0∆0α.
Here f−10 ≡ 12∆0γ∆†γ0 and f0 is its inverse matrix. We can check that the above uˆ satisfies
simultaneously the zero mode equation (4.32), the normalization condition (4.33) and the
WZ gauge condition (4.67).
The connection superfield φµ is constructed with the use of uˆ in (4.72):
φµ = −u(0)‡∂µu(0)
+
1
2
u(0)‡M‡f(εC)βα∆α∂µ∆‡βfMu(0) − 1
4
detCu(0)‡M‡fMM‡∂µ(fMu(0))
− θαu(0)‡(∂µ∆‡αfM+M‡f∂µ∆α)u(0). (4.78)
2From this expression we find the following useful relations:
Kα
βCβγ = CαβKβγ , CαγKγδCδβ = − det CKαβ .
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Here we have used the following relations:
∆αu
(0) +
1
2
(εC)α
β∆βM‡fMu(0) = 0, (4.79)
∂µ∆αM‡ +M∂µ∆‡α = 0, (4.80)
∂µf = f∆
γ∂µ∆
‡
γf. (4.81)
The first equation can be shown with the use of eq. (4.73) and
Z−1 = 1k − 1
2
fM(∆‡KεC∆)M‡Z−1.
The last equation follows from the bosonic ADHM constraints.
Now, because of the WZ gauge, we are able to compare our connection one-form to
the solutions obtained in the component formalism. In appendix D, we show that the
known U(2) one instanton solution is obtained by our construction.
5 Conclusions and discussion
In this paper, we have extended the super ADHM construction to give solutions to the
deformed ASD instanton equations in N = 1/2 super Yang-Mills theory with U(n) gauge
group.
First we have extended the exterior algebra on superspace to non(anti)commutative
superspace, and shown that it is a consistent deformation such that the field strength
superfields of N = 1/2 super Yang-Mills theory are correctly reproduced by a curvature
two-form superfield. We found the covariant constraints on the curvature two-form (re-
ferred to as Yang-Mills constraints) and the super ASD condition for the deformed ASD
instantons.
Based on the deformed exterior algebra, we have formulated a non(anti)commutative
version of the ADHM construction and shown that the resulting curvature two-form super-
field indeed satisfies the Yang-Mills constraints as well as the super ASD condition. This
means that our construction correctly gives deformed ASD instantons in the N = 1/2
super Yang-Mills theory. We have seen that deformation terms emerge in the bosonic
ADHM constraints (see also [24]), which are comparable with the U(1) terms due to
space-space noncommutativity [28]. Our formulation reveals the geometrical meaning of
those deformation terms as non(anti)commutativity of superspace.
The deformed super ADHM construction will facilitate us to discuss the moduli space
of the deformed ASD instantons in the N = 1/2 super Yang-Mills theory. In this paper,
we saw that the numbers of the bosonic and fermionic moduli parameters of our solutions
are the same as the ordinary theory: They are 4kn and 2kn respectively, where k is the
instanton number. Additional moduli parameters, if they exist, may be contained in the
θθ-component of ∆ˆα, but this would change, for example, the ADHM constraints, leading
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to a discrepancy with the result in [24]. We believe that our construction gives all the
deformed ASD instantons, but it would be interesting to check it directly by considering
reciprocity [29].
Finally we would like to give a comment on a relation between the deformed ADHM
constraints and the hyper-Ka¨hler quotient construction [30]. In the ordinary (commuta-
tive or noncommutative) gauge theory, the fermionic ADHM constraints ensure that the
fermionic moduli are Grassmann-valued symplectic tangent vectors of the bosonic moduli
space. Since the fermionic ADHM constraints are not modified in the present case, we
expect that this interpretation is not modified. On the other hand, our bosonic ADHM
constraints contain deformation terms which are k × k matrices, not just U(1) terms in
general. If there is a U(1) term, it is well known that setting a particular value of the term
corresponds to choosing a particular level set in the n + 2k dimensional mother space in
the hyper-Ka¨hler quotient construction. The ordinary instantons or the localized instan-
tons [31] correspond to this value set to be zero, and the Nekrasov-Schwarz instantons [28]
correspond to this value set to be a non-zero constant. It needs a further study to clarify
how our deformation terms can be interpreted in the hyper-Ka¨hler quotient construction.
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A Notation and Conventions
We use the following sigma matrices:
σµ = σµ ≡ (−i1, σi), σ¯µ = σ¯µ ≡ (−i1,−σi), (A.1)
where σi are the Pauli matrices and σ¯µα˙α = εα˙β˙εαβσµ
ββ˙
holds. The Lorentz generators are
σµν ≡ 1
4
(σµσ¯ν − σν σ¯µ), σ¯µν ≡ 1
4
(σ¯µσν − σ¯νσµ), (A.2)
where
σµν =
1
2
εµνλρσλρ, σ¯
µν = −1
2
εµνλρσ¯λρ, ε
0123 = ε0123 ≡ −1. (A.3)
They can be written as
σµν = − i
2
ηiµνσ
i, σ¯µν = − i
2
η¯iµνσ
i (A.4)
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in terms of ’t Hoot’s eta symbol ηiµν , η¯
i
µν . The ’t Hoot’s eta symbol is defined by
ηiµν ≡ (ǫiµν0 − δµ0δiν + δν0δiµ), η¯iµν ≡ (ǫiµν0 + δµ0δiν − δν0δiµ) (A.5)
We define
xαβ˙ ≡ ixµσµαβ˙ , xβ˙α ≡ ixµσ¯β˙αµ . (A.6)
The “zero dimensional Dirac operator” in the extended ADHM construction is defined
by
∆ˆα[k]×[n+2k] = ∆α(y) + θαM, (A.7)
where
∆α(x) ≡ aα + xαβ˙bβ˙ (A.8)
and
aα[k]×[n+2k] ≡
(
ωα[k]×[n] (a
′
αβ˙)[k]×[2k]
)
=
(
(ωα
i
u) (a
′
α1˙
i
j) (a
′
α2˙
i
j)
)
,
M[k]×[n+2k] ≡
(
µ[k]×[n] (M′β˙)[k]×[2k]
)
=
(
(µiu) (M′1˙ij) (M′2˙ij)
)
, (A.9)
with u = 1, . . . , n and i, j = 1, . . . , k. Note that we write a′αβ˙
j
i = ia
′µj
iσµαβ˙ . The
canonical form of b is defined as
(bα˙) =
(
b1˙
b2˙
)
=
(
0[k]×[n] 1k 0k
0[k]×[n] 0k 1k
)
. (A.10)
B The inverse superfield
In this appendix, we give an expression of the “inverse” of a chiral superfield. Assume
(φ1
i
j) is an invertible k × k matrix. For a k × k matrix valued superfield
Φ(y, θ) = φ1(y) +
√
2θψ1(y) + θθF1(y), (B.1)
its “inverse” superfield Φ−1(y, θ) is defined by the relation
Φ ∗ Φ−1 = Φ−1 ∗ Φ = 1k. (B.2)
Explicitly it is given by
Φ−1(y, θ) = φ2(y) +
√
2θψ2(y) + θθF2(y), (B.3)
where
φ2 = (A+ detCFA−1F)−1, (B.4)
ψ2α = −A′−1(Ψα + εαβCβγΨγA−1F)φ2, (B.5)
F2 = −A−1Fφ2. (B.6)
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Here we have defined the following quantities:
A′ ≡ φ1 + detCF1φ−11 F1, (B.7)
Ψα ≡ (δβα − εαγCγβF1φ−11 )ψ1β, (B.8)
A ≡ φ1 + Cαβψ1αA′−1Ψβ, (B.9)
F ≡ F1 + ψα1A′−1Ψα. (B.10)
C Determination of the zero mode superfield
In this appendix, we give a detail of determination of the zero mode superfield uˆ such
that it correctly satisfies the normalization condition (4.33) and the WZ gauge conditions
(4.67).
Let us begin with solving the zero mode eq. (4.32). This equation reads
0 = ∆αu
(0) − 1
2
M(εCu(1))α
+ θβ
(
∆αu
(1)
β + εαβMu(0) − CαβMu(2)
)
+ θθ
(
∆αu
(2) +
1
2
Mu(1)α
)
(C.1)
where (εC)α
β ≡ εαγCγβ. With a given v that satisfies ∆αv = 0 and v‡v = 1n, u(0) and
u(2) can be written with the use of u(1)α as
u(0) =
1
2
(∆‡K)γM(εCu(1))γ + vc, (C.2)
u(2) = −1
2
(∆‡K)γMu(1)γ + vt, (C.3)
where (∆‡K)α ≡ ∆‡γKγα and c, t are arbitrary n×n bosonic matrices. Substituting (C.2)
and (C.3) into (C.1), we find that the zero mode equation (C.1) becomes
∆αu
(1)β−Mu(δαβc+(εC)αβt)− 1
2
M(∆‡K)γ′M(δαβ(εC)γ′γ−(εC)αβδγ′γ)u(1)γ = 0. (C.4)
We will solve this equation. The n + 2k dimensional space is spanned by the n + 2k
column vectors {∆‡α, v}, thus in general, we can write u(1)α as
u(1)α = vγα +∆‡βrβ
α. (C.5)
where γα is a k × k fermionic matrix, and rβα is k × n one. As eq. (C.4) is composed
of four independent equations with respect to the spinor indices, we can split it into one
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proportional to δα
β, one proportional to (εC)α
β and the other two equations. Substituting
the general form (C.5) into (C.4), we find that the latter two equations are
f−1r′α
β +
1
2
(εC)α
γr′γ
βMM‡ = 0, (C.6)
where r′α
β represents the terms contained in rα
β which are not proportional to δα
β or
(εC)α
β. Because of the explicit C-dependence of the second term in the l.h.s., we find
that r′α
β should vanish by a perturbative argument with respect to C 3 . Thus the form
of u(1)α is simplified as
u(1)α = vγα +∆‡αr +∆‡β(εC)β
αs, (C.7)
where r and s are k × n fermionic matrices. Substituting this equation into eq. (C.4), r
and s are written in terms of c, t and γα. As a result, the zero mode equation (C.1) is
solved by (C.2), (C.3) and (C.4) with(
r
s
)
= Z−1f(1 +
1
4
detC(Mvv‡M‡Z−1f)2)−1
×
(
1 1
2
detCMvv‡M‡Z−1f
−1
2
Mvv‡M‡Z−1f 1
)
×
(Mvc+ 1
2
M∆‡αKαβ(εC)βγMvγγ
Mvt− 1
2
M∆‡αKαβMvγβ.
)
. (C.8)
Next, we consider the WZ gauge fixing condition (4.67), uˆ‡ ∗ ∂αuˆ = 0. This equation
reads
u(0)‡u(1)α = Cαβu(1)‡βu
(2), (C.9)
u(0)‡u(2) =
1
4
u(1)‡γu(1)γ , (C.10)
Cαβu
(2)‡u(2) = −1
2
u(1)‡(αu
(1)
β) , (C.11)
u(1)‡αu
(2) = u(2)‡u(1)α . (C.12)
From eqs. (C.3), (C.5), (C.9) and (C.12) we find
γα =
1
2
(12 ⊗ c‡ + 2C ⊗ t‡)−1βαu(1)‡γ′M‡((εC)γ′σrσβ − rγ′σ(εC)σβ). (C.13)
This equation tells us that γα vanishes if rα
β has the form δα
βr + (εC)β
αs as in (C.7).
Eq. (C.7) with γα = 0 solves the equations (C.9) and (C.12).
3We assume that the deformation parameter dependence admits a perturbative expansion.
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Then the remaining zero mode equation for u(1)α gives the following two independent
equations which correspond to (C.10) and (C.11):
c‡t + ( r‡ s‡ )
( 1
2
f−1Z −1
4
detCMvv‡M‡
−1
4
detCMvv‡M‡ −1
2
detCf−1Z
)(
r
s
)
= 0, (C.14)
t‡t− ( r‡ s‡ )
(−1
4
Mvv‡M‡ −1
2
f−1Z
−1
2
f−1Z 1
4
detCMvv‡M‡
)(
r
s
)
= 0, (C.15)
where r and s are written in terms of c and t as (C.8) with γα = 0. We first consider eq.
(C.14). Substituting eq. (C.8) into (C.14), we obtain
c‡t− 1
2
( c‡ t‡ ) v‡M‡Z−1f
(
1 1
2
detCMvv‡M‡Z−1f
1
2
detCMvv‡M‡Z−1f − detC
)
×(1 + 1
4
detC(Mvv‡M‡Z−1f)2)−1Mv
(
c
t
)
= 0. (C.16)
To simplify this equation, it is useful to rewrite t as
t =
1
2
v‡M‡Z−1fMvc+ t′. (C.17)
Using eq. (C.17), we find that eq. (C.16) becomes(
c‡ +
1
2
detCt′‡v‡M‡Z−1f(1 + 1
4
detC(Mvv‡M‡Z−1f)2)−1Mv
)
t′ = 0. (C.18)
Note that c cannot be proportional to detC when we consider perturbative solutions,
because c = 1 in the undeformed case. Thus the bracket in front of t′ cannot be zero, and
t′ must vanish. As a result, we obtain
t =
1
2
v‡M‡Z−1fMvc. (C.19)
We can also verify that this satisfies eq. (C.15). Now r and s can be obtained by substi-
tuting (C.19) into (C.8):
r = Z−1fMvc, s = 0. (C.20)
So far we have solved the zero mode equation (C.1) and imposed the gauge fixing
conditions (C.9)–(C.12). The remaining freedom is c. This is fixed by the normalization
condition for the zero mode uˆ, as we will see below. The normalization condition is eq.
(4.33):
1n = u
(0)‡u(0) − 1
2
Cαβu(1)‡αu
(1)
β − detCu(2)‡u(2)
+ θα
(
u(1)‡αu
(0) + u(0)‡u(1)α − εαβCβγ(u(1)‡γu(2) − u(2)‡u(1)γ )
)
+ θθ
(
u(2)‡u(0) + u(0)‡u(2) − 1
2
u(1)‡γu(1)γ
)
. (C.21)
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The only non-trivial condition comes from the lowest component, because the higher
components in the r.h.s. vanish automatically if (C.9) and (C.10) are satisfied. It leads
us to
c = N−
1
2 = (1 +
1
4
detC(v‡M‡Z−1fMv)2)− 12 . (C.22)
After some algebra, we obtain the zero mode uˆ which satisfies simultaneously the WZ
gauge conditions and the normalization condition:
uˆ = (1 + ∆‡αfMθ + 1
2
M‡fMθθ)u(0) (C.23)
u(0) = (1− 1
2
∆‡αKα
β(εC)β
γ∆γM‡Z−1fM)vN− 12U (C.24)
N = 1 +
1
4
detC(v‡M‡Z−1fMv)2 (C.25)
where U is a unitary matrix such that U † = U−1, and K,Z,N are given by (4.71), (4.74),
(4.75), respectively.
D U(2) one instanton
In this appendix, we construct deformed super instantons in the case of U(2) gauge group
and instanton number k = 1 with the use of the deformed super ADHM construction in
section 4. We will find our solutions are consistent with the results in refs. [21, 22, 23, 24].
Let us begin with solving the deformed ADHM constraints (4.45) (4.46) and express
the constrained ADHM data aα andM in terms of unconstrained free parameters. In the
U(2) k = 1 case, the deformed ADHM constraints (4.45) become
σi αβ ωαα˙ω
‡α˙β +
i
2
C iMM‡ = 0, (D.1)
ωαα˙µ
‡α˙ + εαβµα˙ω
‡α˙β = 0. (D.2)
Here we have defined C i ≡ 1
2
ηiµνC
µν ((C i)‡ = −C i) where ηiµν is the ’t Hooft eta symbol
(see appendix A). Note that in this section we denote the U(2) gauge index u in (A.9) as
a dotted spinor index (α˙, β˙, etc.).
These constraints are solved by
µ‡α˙ = εα˙β˙ρ−1ζαωαβ˙, M′‡α˙ = ξ¯α˙, ωαα˙ = ωµiσµαα˙, (D.3)
where
ωµ ≡ ( ρ, −18ρ−1C i(ξ¯ξ¯ − ζζ) ) , (D.4)
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ρ‡ = ρ, (ζα)
‡ = ζα, (ξ¯α˙)
‡ = ξ¯α˙, and the remaining parameter a′µ can be arbitrary. The
parameters ρ, ξ¯α˙ and ζα are unconstrained free parameters and correspond to the scale,
supersymmetry and superconformal moduli, respectively 4.
Up to now, we have solved the deformed ADHM constraints and found that the oper-
ator ∆ˆα is written in terms of the unconstrained moduli parameters ρ, ξ¯ and ζ . In order
to construct the connection φ of the deformed instanton, our next task is to determine
the normalized zero mode uˆ of ∆ˆα, or u
(0) appearing in eq. (4.78).
As we have mentioned in the previous section, the operator ∆α (the fermionic moduli
M) can be split into the C-independent part ∆0α (M0) and the residual C-dependent
part δ∆α (δM) (see eq. (4.76)), and the normalized zero mode v of ∆α is given by these
quantities as in eq. (4.77). Because the deformed ADHM constraints are solved by (D.3),
they are now explicitly written with the use of
ρµ ≡ ( ρ, 0 ) , δρµ ≡ ( 0, −18ρ−1C i(ξ¯ξ¯ − ζζ) ) (D.5)
as
∆0α = ( ραα˙ yαβ˙ ) , δ∆α = ( δραα˙ 0 ) , (D.6)
M0 = ( ρ−1ζαραα˙ ξ¯α˙ ) , δM = −ρ−1ζαδ∆α, (D.7)
where ραα˙ ≡ ρµiσµαα˙, δραα˙ ≡ δρµiσµαα˙. Note that here we have absorbed the translation
moduli a′µ[1]×[1] into yµ. Then the zero mode uˆ can be written in terms of ∆0α, δ∆α,M0,
δM and the normalized zero mode v0 of ∆0α. Here we choose the U(2) k = 1 instanton
in the non-singular gauge (the BPST instanton) as v0
5:
v0 = ρ
−1(y2 + ρ2)−
1
2
(
ρα˙αyαβ˙
−ρ2δγ˙
β˙
)
. (D.8)
Then from eq. (4.77), we obtain v as
v = v0 − ρ−1(y2 + ρ2)− 32
( −ρ2δρα˙αyαβ˙
yγ˙γδργγ˙′ρ
γ˙′γ′yγ′β˙
)
− 1
16
detCζζξ¯ξ¯ρ−3(y2 + ρ2)−
5
2
(
(y2 − 2ρ2)ρα˙αyαβ˙
−3ρ2y2δγ˙
β˙
)
. (D.9)
4Our superconformal moduli parameter ζ is different from the one in refs. [22, 23] which corresponds
to ρ−1ζ in our convention.
5Instead of this, if we choose the ’t Hooft instanton as v0,
v0 =
(
|y|(y2 + ρ2)− 12 δα˙
β˙
−|y|−1(y2 + ρ2)− 12 yα˙αραβ˙
)
,
then we can construct the singular deformed super instantons in ref. [24].
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Next we express u(0) defined in eq. (4.73) in terms of v0, ∆0α, δ∆α,M0 and δM. Note
that in the U(2) k = 1 case, the following equation holds:
(v0
‡M0‡M0v0)2 = 0. (D.10)
This equation will turn out to make the almost all quantities vanish in our calculation.
To verify this equation, we need to use v0 in (D.8). Together with the form of M0 in
(D.7), the above equation (D.10) is easily shown. First, the inverse of Z in (4.74) is found
to be
Z−1 = 1− 1
4
detCf0M0∆‡0αf0M0M‡0f0∆0αM‡0 + · · · (D.11)
by using eq. (4.71), where · · · denotes the terms depending on more than four fermionic
moduli. Note that in the case of U(2) k = 1, there are only four fermionic moduli
parameters, so that the O(M05) terms vanish automatically. Here we have used the
equation M∆‡αf(εC)αβ∆βM‡ = 0, which follows from the fermionic ADHM constraint,
the symmetric property of Cαβ and the fact that M∆‡α and ∆αM‡ anticommute in
the k = 1 case. Then, due to eq. (D.10), the normalization factor N (4.75) becomes
N = 12 +O(M8). As a result, we find an expression of u(0) from eq. (4.73) as
u(0) =
(
14 − 1
2
∆‡αf(εC)α
β∆βM‡fM− 1
4
detC∆‡α0 f0M0M‡0f0∆0αM‡0f0M0
)
v. (D.12)
Here we have taken U = 12 for simplicity.
Substituting eq.(D.12) with eq.(4.77) into the eq.(4.78), we obtain the connection
superfield after a lengthy but straightforward calculation:
(φµ)
β˙
γ˙ = −2(y2 + ρ2)−1σ¯µν β˙ γ˙yν
+
1
4
Cµν∂ν
(
K1ξ¯ξ¯ +K2ζζ + 2ρK3
)
− 1
4
detCρ−2(y2 + ρ2)−2ζζξ¯ξ¯σ¯µν
β˙
γ˙yν
+ρ2(y2 + ρ2)−2(ρ−1ζγyγγ˙′ + ξ¯γ˙′)(ε
β˙γ˙′εγ˙α˙ + δ
β˙
α˙δ
γ˙′
γ˙)σ¯
α˙α
µ θα, (D.13)
where
K1 =
y2
(y2 + ρ2)2
− 2
y2 + ρ2
, K2 =
y2
(y2 + ρ2)2
+
1
y2 + ρ2
, K3 =
ζσσξ¯y
σ
(y2 + ρ2)2
. (D.14)
From this connection superfield, we can read the fermion zero mode and the gauge field
of the deformed super instanton:
(λ¯α˙)
β˙
γ˙ = −2iρ2(y2 + ρ2)−2(ρ−1ζγyγγ˙′ + ξ¯γ˙′)(εβ˙γ˙′εγ˙α˙ + δβ˙ α˙δγ˙′ γ˙), (D.15)
(vµ)
β˙
γ˙ = −4i(y2 + ρ2)−1σ¯µν β˙ γ˙yν + i
2
Cµν∂ν
(
K1ξ¯ξ¯ +K2ζζ + 2ρK3
)
δβ˙ γ˙
− i
2
detCρ−2(y2 + ρ2)−2ζζξ¯ξ¯σ¯µν
β˙
γ˙yν . (D.16)
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Note that the fermion zero mode coincides with the one in the undeformed case, which is
consistent with the result in refs. [22, 23]. On the other hand, the above gauge field does
not coincide with the one in refs. [22, 23] by the term proportional to detC. This does
not mean that our result contradicts the known results. As we have shown in the previous
sections, our deformed ADHM construction correctly gives the solutions to the deformed
ASD equations. We should note, however, that there is a freedom how we parameterize
the instanton moduli space. In fact, by re-parameterizing the scale parameter in our
solution as
ρ→ ρ
(
1− 1
16
detCρ−4ζζξ¯ξ¯
)
, (D.17)
we find that our solution becomes consistent with the one obtained in refs. [22, 23].
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